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I. References

This note is based on the following references: Overview [I-4], Covering number [5-7], Rademacher complexity
[5, 8, 9]



II. Overview

A. Errors in Classical Machine Learning

@ /* : True map

ML model class fF Approximation error

(Model error)
A /
Estimation error
fN [

Optimization error
(Algorithm dependent)

FIG. 1. Approximation error, Estimation error, Optimization error.

e R(f):= " ?}[‘;ZNDL'(y, fo(z)): Expected risk of a model f.

. RN(f) = % Zi\;1 L(y:, fo(x;)): Empirical risk of a model f.
e 7 C Y¥: A hypothesis class, or a set of functions that a machine learning model can take.
° fN: Model that we get after training on N samples using a learning algorithm.

° f N = arg min RN( f): Model that minimizes the empirical risk over the hypothesis class F.
fer

e fr = arg min R(f): Model that minimizes the expected risk over the hypothesis class F.
fer

e f*:=arg min R(f): Model that minimizes the expected risk over all measurable functions.
feyx

R(fn)~R(f*) = R(/x) = R(/x) + R(fy)~R(f5) + R(fr)~R(S")
—_———

Exess risk Optimization error Estimation error Approximation error

Remark 1.

e While Approximation and Optimization errors are important, they are relatively better managed through
advances in model architecture, size, and training techniques in modern classical machine learning. Estimation

error remains a significant challenge due to the inherent limitations of available training data.

e The relationship between the Approximation error and the Estimation error is similar to the Bias-Variance

trade-off in conventional statistical learning theory. (Not exactly the same. Refer to Fig.2 in Ref. |



Lemma 1 (Estimation error and Generalization error).

R(fn) - R(f) < 2sup| R(f) - Rn(f) | (2)
Estimation error g Generalization error
Proof.
~ A A A A A~ SO A A
R(fn) — R(fr) = R(fn) — Bn(fn) + By (fn) — BN (fF) + Bn(fF) — R(fF) (3)
Estimation error
< R(f~) = Rn(fn) + Rx(fF) — R(f7) (4)
< 2sup| R(f) - Rn(f) | ()
feF —m—m————

Generalization error

B. Errors in Quantum Machine Learning

In quantum machine learning, we have another source of error: "measurement error". Let fN7 M be the hypothesis
that we get after training on IV samples with M measurements and define

fnon = arg min Ry (f) (6)
feF

, where ]:ZN’ M (f) is the empirical risk of f estimated from M measurements for each training example out of N
samples. Then, the total error in quantum machine learning is given by

R(fnm) — R(W') = R(fn.m) — R(fvar) + R(fvae) — R(f7) + R(fF) — R(f*) (7)

Optimization error Estimation error Approximation error

Lemma 2 (Estimation error and Generalization error in quantum machine learning).
Estimation error in quantum machine learning can be bounded by the Generalization error and the Measurement
error as follows:

R(fv,m) — R(fF) < 2;ug| R(f)— Rn(f) |+ 2J§ug| Ry(f) — Ryu(f)] (8)
€ N—— €
Estimation error Generalization error Measurement error

Proof.

<0
R(fn.ar) — R(f7) = R(fn) — By (Fvor) + Rvoe (Fvoar) — Bvoar (F7) + By (F7) — R(fF) (9)

Estimation error

< R(fxm) = By (Faonn) + Bvoan (f7) — R(fF) (10)
< 2sup|R(f) — Ry (/)] (11)
feF
< 2sup| R(f) — Rn(f) |+2sup| Ry(f) — Ry (f) | (12)
g Generalization error g Measurement error
O

Remark 2. If we measure the output of the quantum model M times for each training example, then the Measure-

ment error is LC'y/ 21(}\%7(]\2/6) as shown in "6. Extension to unbiased estimates of measurement statistics" in Ref. [3].
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Since the Generalization error bound is O(\ / %), the generalization error is still the dominant source of error in

quantum machine learning.

2log(2/9)

R(fo) = Ri(fo) < 2LR(F ¢ ) + LC\ =]

+3LC

21og(2/0)
N (13)

III. Notation and Setup

This section is maily based on the Ref. [4].

A. Supervised Learning Framework

We consider a standard supervised learning setting defined by an input space X and an output space ). A
learning algorithm is provided with a training set S = {(z;,v:)}X,, where samples are drawn ii.d. from an
unknown distribution D. The objective is to learn a hypothesis function fg : X — ), parameterized by 6, that

minimizes the discrepancy between predictions and true labels.

__ Astblock Lth block
—5— — Rp(f11) —i— —i— — Rp(fr.1) :
—— - Rp(f12) —i— % — Rp(0L2)
il v I :
—E = hp(@lm) —E— —E— ] JHP(BL n)

FIG. 2. Setup of PQC. It consists of L blocks, each of which begins with a fixed unitary operator followed by Pauli rotations
applied to each qubit. There are nL trainable gates in total. [4]

B. Quantum Circuit Ansatz

Our hypothesis class consists of variational quantum machine learning (VQML) models. We specifically adopt a
hardware-efficient ansatz for an N,-qubit system composed of L layers (blocks). As shown in the circuit diagram
(Fig. 2), the total unitary operation U(8) is a product of layer-wise operations:

u(e) = H R (60) V1, (14)
=L

where V] represents a fixed unitary and R;(0;) represents a trainable rotation layer. The parameters are organized
as @ = (01,...,0r), where each layer’s parameters ; contain N, rotation angles. The rotation operator for the
[-th layer is defined as a tensor product of single-qubit rotations:

N, _
Ri(6) = @) e, (15)

m=1

Here, Py, € {1,X,Y, Z} represents a standard Pauli operator chosen for the m-th qubit in layer /.



C. Quantum Embedding and Measurement

The interaction between the classical data and the quantum model proceeds as follows: 1. Encoding: An
input z is mapped to a quantum state p(x). 2. Evolution: The parameterized channel £ acts on the state via
Eo(x) = U(0)p(z)UT(0). 3. Measurement: An observable O is measured to produce the scalar output:

fo(x) == Tr[O Eg(x)]. (16)

Note: While the standard setup assumes fixed V;, this formalism accommodates "data re-uploading" schemes
where V; depends on input z, as well as noisy channels.

D. Risk and Generalization

We evaluate performance using a loss function L(y, 7). We adopt two standard assumptions for the theoretical
analysis: 1. Boundedness: The model output is bounded, |fo(z)| < C. 2. Lipschitz Continuity: The loss is
L-Lipschitz with respect to the prediction: |L(y,z) — L(y, 2’)| < L|z — 2’|. For example, £ can be the square loss,
the cross-entropy loss, or the hinge loss.

We define the Empirical Risk (training error) and Expected Risk (test error) respectively as:

1 N

RN(fe) = N Zﬁ(ymfs(fi))a (17)
R(fo) = E(z,y)~pIL(y; fo(x))]- (18)

The central quantity of interest in these notes is the **generalization error**, defined as gen(fg) :== R(fo) — Rn (fo)-
Subsequent sections will bound this quantity using covering numbers and Rademacher complexity. Finally, we apply
the generalization error bound to the VQML model.

IV. Norm

In this section, we introduce the concept of norm and its properties. The p-norm extends the concept of the
Euclidean norm, while the Schatten p-norm generalizes it to matrices.

Definition 1 (Norm). Let M be a linear space (vector space) over R or C. A norm on M is a function ||-|| : M — R
satisfying the following properties for any x,y € M and ¢ € R or C:

1. (Positivity) ||z|| > 0 and ||z|| =0 < x = 0.
2. (Homogeneity) ||cz|| = |c||l=]|.

3. (Triangle inequality) ||z + y|| < ||| + [yl

Definition 2 (p-norm or LP-norm). Let  := (z1,%2,...,2,) € R" and 1 < p. Then p-norm |-[|, of z is defined as

oy |wif? 51 < 00
o, { Sl (<9 <20 o

max; |x;| (p = 00)

and normalized p-norm |[|z||, ,, is defined as
7

1

1< |
N, = (n > m—l”) = —ll, (20)
i=1 ne



Lemma 3 (Holder’s inequality). Let 1 < p,q < oo and 1/p+ 1/q = 1. Then, for any x,y € R",

<|<:c|y>| = |2 e

Lemma 4 (Inequality of p-norms). Let 1 <p < ¢ and « € R". The p-norm |z|, is decreasing in p, that is,

S) > lmagl < ll=ll,lwll, (21)
i=1

2]l < llll, < llzll, < [l (22)
And any two p-norms are related as
(1/p—1/q)
lzll, < lzll, <n" P~ 9|, (23)
In particular,
]l < llzll, < Vallzl, (24)
2l < 2l < Vnllel, (25)
2]l <l < nllzlly (26)

Proof.
(First inequality) For any @ € R", there exists y € R" such that @ = [|z||,y. Then, since ||y||, =1, for any
1<r<p,

n n
2 = "lwlP < lwl =llyl; =1 (P <t for0<t<1) = |yl <1 (27)
1=1 =1
Therefore, (|, = [lz[, [lyll, < [zl Iyl = =l

(Second inequality) By Holder’s inequality,

1
=

n n % n 1-
Z laibi| < (Z |U«iT> (Z |bz|”r1> (28)
i=1 i=1 i=1

Let |a;| = |=;]P, |b;] = 1 and r = ¢/p > 1. Then
n 1-
i=1
1/p

n 1/p n % n %
], = (Z a;ﬂ’) < (Z mq) nl-2 = (Z :cﬂ) nr @ = nl/P—l/tIHx”q (30)
i=1 i=1 i=1

O

p

Qf
Qs

y
q B _P
ol = 3 o = 3 a1 < (zw>p) - (z w) it 9)
=1 =1 =1

i=1

Therefore,

Remark 3. Let 1 <r. If ||y||, = 1( < >, |v:|” = 1), then |y;| < 1 for any i. Because if there exists y; such
that 1 < |y;|, then >0 | |ys|” > 1.

Remark 4. From the last inequality in the proof, we have ||z, < nl/p_l/q||x||q = |z, < llzll,,- Therefore,
the normalized p-norm is increasing in p.



Definition 3 (Schatten p-norm). Let A € C™*™ and 1 < p. Then Schatten p-norm of A is defined as

1Al = § (T4P)? = (T 6?)” (1< p <o)
p

(31)
01 (p=o0)

, where |A| = VATA and o; is the i-th largest singular value of A (i.e., the i-th largest eigenvalue of |Al).

Remark 5.

e When p = 1, the Schatten 1-norm is called the trace norm or nuclear norm.

e When p = 2, the Schatten 2-norm is called the Frobenius norm or Hilbert-Schmidt norm.

e When p = oo, the Schatten co-norm is called the operator norm or spectral norm.

Lemma 5 (Properties of Schatten p-norm). Let A, B € L(H) and 1 < p < ¢ < co. The Schatten p-norm has the
following properties.

e For any p < g, [|A]l, < [ 4],

e For any p € [1,00] and U,V € U(d), ||UAVTHP = || A][,-

o Al = [AT]l, = 141, = [[A],-

e For any p,q,r and 1/p+1/q < 1/r, |AB||, < [|A],|IB]l, (Hélder’s inequality).

— [14B]|; < [|All1[IBllo
= [1ABl; < Al 1Bl

Definition 4 (norm ball). Let (M, ||-||) be a norm space. A norm ball centered at € M with radius 0 < ¢ is
defined as

B(z,e,|') ={yeM|ly—=[<e} (32)

Remark 6. When p-norm is used, we call it p-norm ball and denote it as B,(x,¢). From the Fig. 5, we can see
that Bi(x,e) C Bp(x,e) C By(,€) C Boo(x,€) for 1 <p < g < oc.



— p=1
1.0
— p=
— p=3
p=w

X1

FIG. 3. The contours of p-norm balls with ¢ = 1 in R? for p = 1,2, 3, co.

Definition 5 (Diamond norm). Let £ : £L(#H1) — L£(#H2) be a linear map. The diamond norm of € is defined as

€], = ilelll\)l\|:ﬁlp<1 [(€ ®1cn) (A4 (33)
=sup { [[(€ @ Lag, )([¥XSDI, | 19),19) € Hi®@Ha } (34)

Remark 7.

e When £ is a quantum channel, or a completely positive and trace-preserving (CPTP) map, the diamond norm
is €], = 1.

e If the map & is Hermiticity-preserving (e.g. £ is the difference of two quantum channels), one can optimize
over |¢) = |¢) in the formula above.

e Refer to Ref. [11] or Ref. [12] for further details on the diamond norm.

Lemma 6 (Subadditivity of diamond distance [1]). For any quantum channels &1, &s, £3, 4, where & and &4 map
from n-qubit to m-qubit systems and & and £3 map from m-qubit to k-qubit systems, we have

[E10& —E30&4|, <€ — &3, +11E2 — Eall, (35)

, where |||, denotes the diamond norm of a quantum channel.

Proof.

~ o~ —~
w W
~N
= D —

||€105’2—5305’4”<> =||E10E —E308 +E308 —E30&,
= [[(&1 = &) 0 & + [|E5 0 (&2 — Ea)l,
< |[l& = &l €20, + 1€l 1E2 — Eall,,
<& =&y + [1E2 — Eall,,

[

wW W
O o

Lemma 7 (Spectral norm and diamond norm of unitary channels [1]). Let & (p) = UpUT and Ev(p) = VpVT be



unitary channels. Then,
[€v = &vll, < 21U = V],

where ||-||, is the Schatten co-norm.

Proof. For any |u), [v) € H, we have |[v) = a|u) + b|u’), where |u’) is orthogonal to |u) and |a|? 4 [b|* = 1. Then,

u)(ul = [o)(v] = |u)ul = (alu) +blut))(@* (u] + b (u*]) (40)
= |u)u| — |a|? [u){u| — |b|? |ul><ul| — ab* u><ul| —a*b ul><u| (41)
1—lal*> —ab*

= ( —al*b| _b|2> (42)

b2 —ab*
= (_|a*b _b|2> (43)

Since

det(A — (Ju)u| — [vXv])) =0 (44)
= N — ([a]* + [o*)o]* = 0 (45)
= A b2=0 (46)
= A =+b] = £/1—[a]? = /1 — [ (ulv) |2 (47)

, and trace norm is the sum of singular values, we have

%Illu><u| = [)wllly = V1 = [{ulv) |2

(48)
= /@[ {ufo) DA [ ulo) ) (49)
< V2(1 — Re({u]v))) (50)
= |[[u) — [0}, (51)

The last equality is due to the fact that

) = 10)ll; = v/ (ul = W) (Ju) = [0)) = V2 = (ulv) — (v]u) = v/2(1 — Re((ulv))).

The diamond distance bound then is a direct consequence of this relation.

1
L - Evlly = sup SlEu([¥)W]) = Ev ([¥XPD Il (52)
2 w)wl 2
< sup U = V)9, (53)
= largest singular value of U — V (54)
=IU -Vl (55)

The following lemma translates the distance of rotation operators to the distance of their corresponding angles.

Lemma 8 ([1]). Given an arbitrary Pauli matrix P € {I,X,Y, Z} and two arbitrary angles ¢ and 0, the corre-
sponding 1-qubit rotation operators are R(f) = e~ 2" and R(A) = e~ 2%, respectively. Then, the distance between
the two operators measured by the Schatten co-norm can be upper bounded as

IR(©) ~ R@)loe < 516 -8 (56)
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Proof. According to the definition of rotation operators, we have R(6)—R(6) = (cos ¢ —cos g) I—i (sin ¢ —sin g) P,

whose singular value is 2sin 9%5 with the multiplicity 2. Thus,

IR(0) — R(0) |00 =2 10— 0| (57)

sin

O

V. Covering Number

We first introduce the covering number, which is a geometrically intuitive measure of complexity and has been
widely used in machine learning theory to analyze generalization error."

Definition 6 (Covering net and covering number [1]). Let (M, d) be a metric space. Consider a bounded subset
A C M and let € > 0. A subset N’ C M is called an e-covering net of A if every point in A is within a distance
of some point of N, i.e.,

Vee A JyeN st dz,y) <e (58)

The smallest cardinality of an e-covering net of A w.r.t. d is called the e-covering number of A w.r.t. d, denoted
by N(A,e,d), i.e.,

N(A,e,d) =min{ n € N | 3z, 22,...,2, € M st. ACJ,Ba(z;,¢) },
If N C A, the covering number is denoted by Ni,(A,e,d) and called internal covering number.
Nin(A,e,d) =min{ n € N | 3z, 22,...,2, € A s.t. A C U, Ba(z;,¢) },
You can intuitively understand the covering number as the minimum number of balls with radius € needed to
cover the set A with the metric d. The covering number is a measure of the complexity of the set A. By definition,

N(A,e,d) < Niy(A,e,d) always holds. For example, when A is a doughnut-shaped set, the covering number can
be smaller than the internal covering number.

FIG. 4. Tllustration of a covering net

Lemma 9 (Properties of covering number). Let (M, ||-||) be a normed vector space and « > 0. Then, for any
bounded subset A C M, & > 0 and ||-||, the following equality holds:

N(aAe, |-) = N(A,e/a, [|-) = N(Ae, all]]) (A)

N(A,e, [|-) = N(aA, ae, [|-]])
= N(4, ag, al|[]) (B)
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= N(A/O‘767a‘|"||)
Let ACBCM,0<e; <eég, and [|-[|4 < ||'[|g- Then the following inequality holds:

N(A’6’|H|) SN(BNE)””)
N(A e [-) < N(A e, [ (©)
N(A &, | 'fla) < N(Aelllg)

Proof.
(Proof of (A))

e The first equality holds because expanding (or shrinking) the set A by a factor of « is equivalent to shrinking
(or expanding) the radius of the balls by a factor of 1/« since the covering number only depends on the
relative size of the radius and the set.

e The second equality holds because d(z,y) < e/« is equivalent to ad(z,y) < e.
(Proof of (B))

e Since the covering number only depends on the relative size of the radius and the set, expanding (or shrinking)
the set A and the radius of the balls by a factor of « at the same time does not change the covering number.

e The second equality holds because d(z,y) < ¢ is equivalent to ad(z,y) < ae.
e Use the first and second equalities.
(Proof of (C))

e The first inequality holds because the covering number of a larger set is always larger than that of a smaller
set.

e The second inequality holds because the covering number of a set with a ball of larger radius is always smaller
than that of a set with a ball of smaller radius.

o If do(x,y) < e, then di(z,y) < da(x,y) < e. This implies that if @ is an e-covering net of A with dy, then @Q
is also an e-covering net of A with d; and thus

W(A,e,di1) D W(A,e,do) (59)

, where W (A, e,d) represents the set of all e-covering nets of A with d. Since the covering number is the
minimum cardinality of the covering net, it follows that

N(A,dy,e) = i 60
(A, dy,e) Qewrr(lg’l&dl)lQ\ (60)
< - 61

< Qe 4@ (61)

= N(A,dy,e) (62)

O

Lemma 10 (Covering number of normalized norm).

1
N(A & [l,) = N(A e/m?, |-l ) (63)
Proof. From the definition of normalized p-norm, |a —a'[|, < € and [la —d'[[,,, < s/m% is equivalent, thus the
equation holds. O

Lemma 11 (Inequality of covering numbers with different norms). The following inequality holds for any € > 0
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and any bounded subset A C R™:

N(A & [ l) S N(Ae, 11l < N(Ae& ) <N(Ael-l) (64)
N(A & [ llyn) S N(A e -l ) < NCAE ) < NAE lon) (65)
where 1 < p < ¢ < 0.
Proof. Use the Lemma 4 and the inequality (C) in Lemma 9. O

Remark 8. From the properties of p-norm, for any two points x,y € R™ and 1 < p < ¢ < o0, you have
lz =yl <llz—yl, <llz—yl, < llz —yl,. This implies that By (x,e) C By(x,¢) C By(x,€) C Boo(, ). This
is also obvious from Fig. 5. From this fact, you can see that you need more balls to cover A with the g-norm ball
than with the p-norm ball.

10 —p=1
— p=2

— p=

p=w

X1

FIG. 5. The contours of p-norm balls with e = 1 in R? for p = 1,2, 3, c0.

Lemma 12. The following inequality holds for any € > 0, some subset A C R™, and 1 < r < p:

N(A e lll,) < N4 e, |-l,) < N(Ae,mE VD) (66)

Proof. From Lemma 4, it holds that [|z[[, < [z|, < m(l/r_l/p)Hpr for 1 <r < pand € R”. Thus, you can use
the last inequality in (C) in Lemma 9. O

Example 1. When p = coand r = 1, you have N(A, ¢, ||| ) < N(A, &, [|-|;) £ N(A,e,m ||| o) = N(A e/m, |||l o)-
The Fig. 6 illustrates the inequality between covering numbers visually. The Fig. 6 shows the contours of 1-norm
ball with € = 1 and oo-norm balls with e = 1/2,1 in R2. You can see that B, (x,£/2) C Bi(x,¢). In R™, you have
Boo(x,e/m) C Bi(x,e). Thus, you need more balls to cover A with the co-norm ball with radius e/m than with
the 1-norm ball with radius €.
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— p=1lwithe=1
—— p = withe=1/2
p=owithe=1

X2

-10 -0.5 0.0 05 1.0

X1

FIG. 6. The contours of 1-norm ball with ¢ = 1 in R? and oo-norm balls with ¢ = 1/2,1 in R?

The following lemma enables us to employ the covering number of one metric space to bound the covering number
of another metric space. (Lemma 5 in Ref. [7].)

Lemma 13 (Covering numbers of two metric spaces [1]). Let (M;j,d;) and (Ma,d2) be two metric spaces and
f: My — My be K-Lipschitz such that

da(f(x), f(y)) < K di(,y), Yo,y € My (67)

where K is a constant. Then, you can use the covering number of a bounded subset A; C M; with d; to bound
the covering number of a bounded subset f(A;) C Mo with dy as

N (f(A1),e,d2) < N (A1, ¢/K,dy) (68)

Proof. Let Q1 be an e/ K-covering net for A; with dy, that is, Va € Ay, Jy € Oy such that dy(z,y) < e/K. Since,
for any X € f(A;), there exists z € A; such that X = f(x), and there exists y € Q; such that dq(x,y) < ¢/K,
it follows VX € f(Ay),3Y = f(y) € f(Q1) such that do(X,Y) < Kdi(x,y) < € (the first inequality is due to
assumption of K-Lipschitzness of f). Therefore, f(Q1) is an e-covering net of f(A;) with da. It implies that if @y
is an ¢/ K-covering net of Ay with dy, then f(Q1) is an e-covering net of f(A;) with ds, and thus

W(f(A1),e,d2) 2{ f(Q1) | Q1 € W(A1,e/K,dy) } (69)

, where W (f(A1),e,dz) is the set of all e-covering nets of f(A;) with dy and W (A;,e/K,dy) is the set of all ¢/ K-
covering nets of A; with d;. Since the covering number is the minimum cardinality of the covering net, it follows
that

N(f(A1),da,e) = i 70
(f(A1),d2,€) QgEW(frn(l./Iﬁlll),e,dz)‘QQ‘ (70)
(a)
< i 71
S uew R iean (&) (7D
(b)
< min | Q1] (72)
Q1€W(A1,E/K,d1)
= N(Ay,dy,e/K) (73)

Equality in (a) holds if the equality in (69) holds, and equality in (b) holds if f is injective. O
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Example 2. Let A; :=[0,1] and f : Ay 2 2 — w2 C [0,7] = f(A1), then f is K-Lipschitz with K = 7. Then,
N(Ar, e |) = [5:1 and N(f(Ar),e, [-]) = [3£]. Thus, N(f(Ar),e, [-) = [5£] < [$£] = N(Ar, e/, 1)

Example 3. Let Ay :=[0,1] and f: A1 > z — sin(7z) C [0,1] = f(A;), then f is K-Lipschitz with K = 7. Then,
N(Av e |Il) = T5:1 and N(f(Ar), & [I]]) = [521. Thus, N(f(A),e, [l1) = [5:1 < T3] = N(Aw, e/, ||-]).

Definition 7 (Packing). Let (M, d) be a metric space. Consider a bounded subset A C M and let € > 0. A subset
P C A is called an e-packing of A if every pair of distinct points in P is separated by a distance greater than &,
ie.,

Vz,y € P, d(z,y) > ¢. (74)

The largest possible cardinality of an e-packing of A w.r.t. d is called the e-packing number of A w.r.t. d, denoted
by M(A,e,d), ie.,

M(A,e,d) :=max{ |P|: P is an e-packing of A } (75)
=max{ n €N |3z, z2,...,2, € A st. Vi,j €[n], i #j=d(z;,z;) >} (76)

, where [n] :={1,2,...,n }.

FIG. 7. (Left) Illustration of a packing. All points in the set P are separated by a distance greater than . You can add
more points to P without violating the condition because there is still some space not covered by the balls. (Right) If we
consider the balls with radius £/2 centered at the points in P, then the balls are disjoint.

Lemma 14 (Inequality between covering number and packing number). Let A C R™ be a bounded subset and
€ > 0. Then, the following inequality holds:

N(A,{-:,d) S Nin(Aaead) S M(A7€?d) S N(Aa 5/2?d) (77)

Proof.

The first inequality is trivial from the definition of the covering number.

(Proof of the second inequality)
If P is an e-packing of A such that |P| = M (A, e,d), for any point a € A\P, the set P U {a} is not an e-packing
of A. Namely, for any a € A there exists p € P such that d(a,p) < e. Hence, P is an internal e-covering net of A,
and so Ni, (A, e,d) < |P].

(Proof of the third inequality)
Let B be an e/2-covering net of A such that |B] = N(A,&/2,d). Let P be any e-packing of A. Since any two points
in P are separated by a distance greater than ¢ (i.e., d(p,p’) > € for any p,p’ € P), for any b € B, there exists at
most one p € P such that d(b,p) < /2. Hence, |P| < |B|, and so M (A,e,d) < N(A,&/2,d). O

Lemma 15 (covering number of a norm ball). Let « € R™, 0 < ¢ < R, and ||-|| be any norm on R™. Then, the
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covering number of the norm ball B(z, R, ||-||) is bounded as

(E)m < N(B(a, R, ), e I1) < (1 + E) < (ﬁ)m (78)

Proof. We denote the volume of the unit ball in R™ as V. Then, the volume of B(z,r, |-||) is r™V.

(Proof of the first inequality)
Let A be an e-covering net of B(x, R, ||-]|) such that |[N| = N(B(z, R, ||||),&, ||-|l). Then, since B(x, R, ||-||) C
UnenB(n, e, |||), we have

Volume(B(z, R, ||-]])) < Volume(UnenB(n, e, [|-|])) Z Volume(B(n, &, ||-|]))- (79)
neN

Thus, R™V < |N| x ™V, and so (R/e)™ < |N].

(Proof of the second inequality)
Let P be an e-packing of B(x, R, ||-||) such that |P| = M(B(x, R, ||]|),&, ||-||). Then, since the balls B(p,e/2, |||
are disjoint for p € P and all these balls are contained in B(x, R +¢/2,|-||), we have

Volume(Upep B(p,e/2, [1)) = 3 Volume(B(p,2/2, ||-|)) < Volume(B(a, R+ /2, |-[)). (80)
pEP

Thus, |P|x (¢/2)™V < (¢/2+R)™V, and so |P| < (1+2R/e)™. The last inequality holds because 1+2R/e < 3R/e.
Finally, we use the fact that |N| < |P]. O

Lemma 16 (covering number of a hypercube). The covering number of a hypercube © =
{(01,02,...,0) | 0; € [ai,a; + ¢i], a;,c; €R } CR™ w.r.t. the co-norm is equal to

N, & 10 =TT [52] (s1)

i=1

g

The co-norm ball is a hypercube with side length 2e. For each side of the hypercube ©, you need [ 5% ] hypercubes
to cover the side. Thus, you need []}", 5] hypercubes to cover the hypercube ©.

C2

]

_— - -

C1

FIG. 8. e-covering net of a hypercube © C R? w.r.t. |||,

In the following, we consider © = { (01,0s,...,0) | 6; € [a;,a; + ¢, a;,¢; € R } C R™ in which some parame-
ters have correlations, i.e., 6; = 0; for some i # j. We can derive the covering number of © as follows.

Lemma 17 (covering number of a hypercube with some correlations). Let © =
{(01,02,...,0) | 0; € [ai,a; + ¢i], a;,c; € R} C R™ in which some parameters have correlations, i.e., §; = k05
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with &k € R. Then, the covering number of © w.r.t. the co-norm is upper bounded as

N©, & I1) < TT [52] (82)

=

, where T' is the number of independent parameters. c;; is the largest one in those of dependent parameters.

Proof. You can understand Lemma 17 from the following example in R3. When all parameters are independent,

then the covering number of © is equal to (C—ﬂ X {;—ﬂ X [g—z] However, when 6, = 3, © is a plane in R?, and you

2e
only need to consider the covering number of the plane. As shown in Fig. 9, you can align the co-norm ball with the
plane, and see that you can cover the plane with the same covering number of the hypercube [a1, a1 +¢1] X [az2, az+c2]
in R?, which is [£1] x [&].

2¢e 2¢e

C2

1

FIG. 9. The blue area represents © = { (01,02,03) | 02 = 03,0; € [ai,a;: +¢i] } C R3, and the small cubes represent the
e-covering net of © w.r.t. |||

O
Theorem 1 (Covering number of general VQML model, generalized from Theorem 3.6 in Ref. [1]). Let © =
{(01,602,...,0) | 0; € [ai,a; + ¢i], a;,c; €ER } C R™, and Eg be the set of all possible VQML channels &g with

0 € ©. And some parameters may have correlations, i.e., 1 = k6, with k& € R. Then, the covering number of £g
w.r.t. the diamond norm is upper bounded as

N (Eoye,ll- ll) < TT [52] (83)

, where T is the number of independent parameters. ¢;; is the largest one in those of dependent parameters.

Proof. The map &g can be expressed as the product of sequential trainable maps and some fixed maps, so we have

L Ng -
€0 — ]|, = lO ( O Rim (0, m)) Vi— zO1 < OlRl,m(el,m)> Vi (84)

= m= >

1 & N, _

S Z O Rl m(el m) L Rl,m(el,m) (85)

=1 m= °
@ L N _
< Z ||Rl m el m Rl,m(elm’b)u IS (86)

=1 m=1
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(3) L Ng B
< 22 ”Rl,m(gl,m) - Rl,m(glJn)” 00 (87)
=1 m=1
(4) Jo Ja _
S Z ‘gl,m - 9l,m| (88)
=1 m=1
=110 - 6|, (89)

, where Ry 1 (01.m ), Vi are the channels corresponding to the rotation gate and fixed gate Ry ., (01.m ), Vi, respectively.
Here, inequality (1),(2) is from Lemma 6, and inequality (3) is from Lemma 7. Inequality (4) is from Lemma 8.
Thus, by Lemma 13, 12, and 17, we have

N(o:2. - llo) < N(©:e. - 1) < N(©./m | 1) = [T [52] (90)

O
Remark 9.

e In Lemma 1, we lose the Information about the structure of the ansatz. If we know some properties on

the eigenvalues of U(0) — U(0@), we may be able to derive an tighter upper bound, using ng - 5@”<> <
2(|U(6) - U(0)

[

e More generally, we can consider the covering number of unitary group U (V) with respect to the infinity norm
as in Lemma 1 of Ref. [7]

VI. Probability

Lemma 18 (Union bound). Let A4;,..., Ay be events in a probability space. Then,

N

U

i=1

N

P < > PlA). (91)

Lemma 19 (McDiarmid’s inequality). Let Z = (Xi,...,Xx) be a finite set of independent R-valued random
variables and ¢ : RN — R be a measurable function such that, for every 1 < i < N, there exists a constant ¢; > 0
such that |¢(z) — ¢(2')| < ¢; for all 2,2’ € RY that differ only in the i-th coordinate. Then, for every & > 0,

P[4(2) — E[p(2)] 2 ] < exp (—2/5: ), (92)
PE[G(2)] - 6(2) 2 &] < exp (-2 5 &), (93)
P(|6(2) - Elp(2)]| = €] < 2exp (-27/55 ). (94)

VII. Rademacher complexity

A. Notation

e X ): input and output spaces

e Z=Xx)Y

o S:={(x1,y1), (®2,y2),.-.,(xN,yn)} C Z: : aset of N training samples

o F={f:X —[0,0] } CY*: hypotheses class. V¥ denotes the set of all functions from X to )
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o L(y, f(x)): ¥ x Y — [0, LC]: loss function. L is the Lipschitz constant of the loss function

o Ry(f) = ~ Efil L(y;, f(x;)): empirical risk of a hypothesis f € F over the training set S

¢ R(f) = E(g,y~pr[L(y, f(x))]: expected risk of a hypothesis f € F

e G:={(z,y)— L(y, f(x)) | f € F} C[0,LC]*: loss function class

e FoeS:={(f(z1),....f(xn)) | f € F,(xi,y;) €S } C [0,C]V: prediction evaluated over the training set S

e GeS = {(L(y1, f(x1)),...,L(yn, f(xN))) | f € F,(xiyy;) €S} C [0,LC)N: loss function evaluated over
the training set S

B. Definition of Rademacher complexity

Definition 8 (Rademacher complexity of a class of functions). Given a set S = {z1,22,...,2n} C Z%, the empirical
Rademacher complexity of G w.r.t. S is defined as

, where o = (01, -+ ,0n) is a vector of independent uniform random variables taking values in {—1,+1}.

Remark 10. Rademacher complexity quantifies the capacity of the class to fit random labels. R(G e S) is small if
the class G is simple and large if the class is complex. This is exlpained as follows: to make the supremum large,
the class G should have a function g that takes a large value at z; for o; = 1 and a small value for o; = —1 for as
many ¢ and o as possible.

If the class G (C [0,b]%) is complex enough, there exists a function g that takes b for o; = 1 and 0 for o; = —1
for all ¢ and for all o. In this situation, when o = (+1,+1,...,+1), the supremum becomes b, and when o =
(=1,—1,...,—1), the supremum becomes 0. And for any &, sup,cg + Ef\il 0ig(2i) +supyeg Zﬁv:l(—ai)g’(zi) =
b. Therefore, the Rademacher complexity is b/2 in this case.

On the other hand, if the class G is the simplest — i.e., G is a singleton set —,

=0. 96
NZg o,e{ﬂ} o] (96)

R(GeS) = ae{:l:l}N l Zalg %)

Theorem 2 (Properties of Rademacher complexity, from Theorem 1.16 in [7]). Let G,G1,Ga C [0, c]® be classes of
real-valued functions on Z, and S = {z1,22,...,2x} C ZN. Then, the Rademacher complexity of G, Gy, Gs w.r.t. S
satisfies the following properties:

1. If ¢ € R is a constant, then R((cG) @ S) = |c|R(G e S), where cG:={cg|ge g}
2. R(GeS) <R(G,eS) for any G C Gy
3. R((G1+G2) e S) =R(G10S) + R(Ga e S), where G1 +Go :={ g1(2) + 92(2) | 91 € G1, g2 € G2 }
Lemma 20. Let § > 0 and suppose P is a probability measure on the space Z. With probability at least 1 — §,

when drawing training data S € Z from the distribution P", the following inequality holds for any function class

g:

log %

ESNPN[m(g.S)] Sm(goS)—FLC 2N

(97)
Proof. Let ¢(S) = R(G ¢ S). The following inequality holds for any S, S’ € Z¥ that differ in only j-th element:

‘(ﬁ(S) ( )| < |sup — Z Uzg Zz — Sup — N Zazg (98)

geg i=1 geg
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1 N
< zggﬁgoi{g(%) —g(zé)}‘ (99)
= sup o5z 905 (100
< % (since g € G C [0, LC)?) (101)

From this, we can apply McDiarmid’s inequality 19 to ¢(S) to obtain

PlEs e [6(S)] — 018) 2 o] < oxp (- 25 ) (102

Setting the r.h.s. equal to § and solving for € then gives that with probability at least 1 — § we have

log 3
2N

Esopx[R(GeS)] <R(GeS)+ LC (103)

O

The following lemma gives an important upper bound on the generalization error of a hypothesis f in terms of
the Rademacher complexity of G e S.

Lemma 21 (Connection between Generalization Error and Rademacher Complexity). Let § > 0 and suppose P is
a probability measure on the space Z. With probability at least 1 — §, when drawing training data S € ZV from
the distribution PY, the following inequality holds for any function f € F:

R(f) — Bn(f) < 2R(G o 8) + 3LC lgif (104)
R(f) - Bn(f) < Espn[R(G » 5)] + LOY &2 (105)

Proof. Let ¢(S) = supper R(f) — Rn(f). The following inequality holds for any S, &’ € Z¥ that differ in only j-th
element:

6(8) — 6(8")| < | sup{R(f) — R ()} ~ sup{R(f) — R ()} (106)
fer fer
< sup{RU) — B () = R(P) + R ()} (107)
fer
< [sup{Rs () ~ Bn ()] (108)
feF
1 al / !/
< lsup 3 Do{20 f(el) - £l S (109)
= [ sup AL, F(@) ~ Ll ()] (110)
feF
<X (111)

, where we used the fact that sup,{f(z)} — sup,{g(z)} < sup,{f(z) — g(x)} in (a). From this, we can apply
McDiarmid’s inequality 19 to ¢(S) to obtain

P[0(S) — Espn [6(S)] > €] < exp ({NC) (112)
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Setting the r.h.s. equal to § and solving for £ then gives that with probability at least 1 — § we have

log%
+ LCY| SN (113)

In order to bound the expectation term, we define S’ = {z],2},...,2%} € ZV as a new sample drawn i.i.d. from
PN . Then, we have

sup R(f) — Bn(f)
feF

sup R(f) — Rn(f) < Espn
feF

Es~pn [sup{R(f) —RN(f)}l (114)
feF
=Es.pv [sup{Es wp~[Rs/(f)] — RN(f)}] (115)
feF
(a) N
< Es.siapw [;UP{RS'( ) — Rn(£)}] (116)
LN
=Es snpn LSCIEIP N ;{E(yg, f(x})) — Ly, f(mi))}] (117)
(b) 1 al ) / AN ) )
- ES’S/NPNGG{I:EIEl}N [?EEN;JZ{‘C(ymf(wz)) ’C(yzaf(wz))}‘| (118>
(2) E E ! 3 Ly, ! ! 3 L 119
< EBssopy B ]SCEEN;% (Wi, f () +§ggﬁg(—0i) (yi, (i) (119)
LN L X
=Es s'npn g Lsclelg N ; o L(y;, fx;)) + ;’lelg v ; o L(yi, f(mi))] (120)
| X
= 2Es.pw e{El}” flelgﬁ Zl E(y27f($z))1 (121)
= 2Espy_E RGeS (122)

, where (a) comes from the fact that sup, E[f(x)] < E[sup, f(z)], (b) comes from the fact that S,S’ ~ PV, (c)
comes from the fact that sup,{f(z) + g(z)} < sup, f(z) + sup, g(z)
Therefore, with probability at least 1 — §, we have

log %

R(f) = Bn(f) < 2Espn [R(G o )] + LOY

(123)

For the second inequality, we use the union bound 18 over the two events that the inequalities (97) and (123)
hold with probability at least 1 — /2 each to obtain

log %
2N

R(f) — Ry (f) < 2R(G e S) + 3LC (124)

O

Lemma 22 (Talagrand’s lemma from Ref. [13]). Let ®1,...,®x be L-Lipschitz functions from R to R and
(01,...,0n) be Rademacher random variables. Then, for any hypothesis set F of real-valued functions, the following
inequality holds:

supZaZ (D; of)(a:l)] < LIE [sunglf w,] =LR(FeS)

N'f feF = feF =
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Remark 11. Let ®; = L(y;, ) and suppose that £ is L-Lipschitz w.r.t. the second argument. Then, we have
R(GeS) < LAR(FeS) (125)

Thus, (124) can be rewritten as

log
2N

SEIN)

R(f) — Rn(f) < 2LR(F ¢ S) + 3LC

(126)

More generally, as an analogy to the definition of the Rademacher complexity of a class of functions, we can
define the Rademacher complexity of a set A C RV,

Definition 9 (Rademacher complexity of a set A C RY). Given a set A C R, the Rademacher complexity of A
is defined as

(0,a)
= | = \%:9) 12
FA= e fys LGAN 2.0 a] reiEn [323 N S

The following lemma gives an important upper bound on the Rademacher complexity of a set A C RY in terms
of the cardinality of A.

Lemma 23 (Massart’s lemma). Let A be a finite subset of RY. Then, the Rademacher complexity of A is upper
bounded as

R(4) < max ], A (128)

Lemma 24 (Lemma 26.10 in Ref. [3]). Let S = (@1,...,xn) be vectors in Hilbert space. We define F o S =

{{w, x1),...,{(w,xN)) : |w|y, < c} for some ¢ > 0. Then, the Rademacher complexity of F e S is upper bounded
as
cmax; ||z,
R(FeS) < ————2 129
(Fos) < L (129
Proof.
r N
R(Ha0S)=E| sup Zaiai (130)
g _GGHQOS i—1

B N
sup Y o <w|w¢>] (131)

Il
A=

willwll;<e 35

I
A=

sup <w|ZiI\Llai$i>1 (132)

w:|wl|,<c
N
Zoiwi
i=1

. ] (134)

IN
Q=
= w0

o

S}
g

] (by Cauchy-Schwarz inequality) (133)
2

Next, using Jensen’s inequality we have that
N
]:E [
[
i=1

o\ 1/2 N o7\ 1/2
E

o

(135)

2 2
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And, since the variables o1, ..., 0, are independent we have
N 2 N N
E ZO’iiL’i =K Z ZO’Z'O'J' <(El|£L']> (136)
7= 2 7= =1
N
=> (aila:) Eloy] + > (@i|x;) Eloio;] (137)
i=1 i£j
N
2
= llil (138)
i=1
< N max |3 (139)
Therefore, we have
cmax; |||
NR(FeS) <c,/N max a:i2<:>9‘i]:08 < 22 140
(F o 8) < ¢y [N max|laill; (Fes) < Wi (140)
O

We can derive the upper bound of Rademacher complexity of quantum circuit learning model by using the same
technique as in the proof of Lemma 24.

1 — u
V() U(o)
1 — —

FIG. 10. Quantum circuit learning model

Theorem 3. The Rademacher complexity of quantum circuit learning model is upper bounded as

2n log 2

R(F o 8) < 0]/ 2 (141)
R(Fe8) < [0l = (142)
R(Fe8) < 0]y o (143)

Proof. We consider the Rademacher complexity of Quantum circuit learning models. Let F be a class of quantum

machine learning models, and S = {x1,...,xn} be a set of classical data. We define F o S = {f(x1),..., f(xn) :
f € F}. Then, the expectation of an observable O is given by

fo(x;) = Tr [OU(B)V(wZ-) lo)o| VT (:Bi)UT(O)} (144)

— TH{O(0)p(wy)] (145)

Firstly, we bound R(F o S) as follows:

N
NR(FoS) = IE[ sup Zoiai (146)

o
acFoS i—1

—E [sgp > o Tr[ow)p(asi)]] (147)
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=E [Sgp Tr [0(9)@?—1@[)(%))}} (148)
[SupO M, HE Lioip(a)|| ] (by Holder’s inequality) (149)
< |0l B[[SX aipall,| ¢ l0®)1, = [0],) (150)

When p =1 and g = oo, we have

R(Fo8) <|OlL E[|[ZLioin(z:)| . ] (151)
210l [EL (@) 2 log 2" (152)
=0l ¢2nlog22 o2 (@) (153)
<|0|; v2Nnlog2 (154)
, where (¢) comes from Theorem 4.6.1 in Ref. [14]. Therefore, we have
2nlog?2
R(F e S) < Ol =5~ (155)
When p = g = 2, we have
NR(FoS)<|O|,E [Hz Lioip(xi)||,] (156)
<ol \/IE[HEgv_loip(mi)H;} (by Jensen’s inequality) (157)
< |01l /N max [lp(:)|l3 (158)
Since [|o(@:)l, = /Te[(p(@))7] = 1, we have
101, Tr[0?]
< =
R(FeS) < i ~ (159)
When p = co and ¢ = 1, we have

R(F o S) < |0l E[[[SLioip(:)]],] (160)

(@) al
< Ol |[4] D p*(@:56) (161)

i=1

1
[ | N~
=[Ol Tr|y| > r*(@i6) (162)
i=1
(b)

< [0l V2"N (163)

, where (a) comes from the operator Khintchine inequality and (b) comes from the fact that (Tr[v/A])? <
dim(A) Tr[A4] for any operator A. Therefore, we have
2n

R(F oS) < 0]/

(164)

O

Remark 12 (Theorem 3).
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o [19]

e This result may be the same as [10], which investigates the generalization error of quantum kernel methods.
So, the generalization error of the quantum circuit learning model and the quantum kernel method may be
the same.

o [17]

e This example seems inconsistent with the result of [18], in which the generalization error exhibits a U-shaped
curve with respect to the number of parameters.

C. Rademacher complexity bound: One step discretization

If |A| = 0o (or A is a finite but very large set) then the bound from Massart’s lemma 23 is not useful. We can
overcome this problem by approximating the large set A with a much smaller set C, which is an e-covering net of

A.
Theorem 4. For A C RV, the Rademacher complexity 93(A) is upper bounded by the covering number of A as

QIOgNin(Aa g, ||||p,N)

R(A) = inf ¢ =+ ma al] i (165)
» 21ogN (A,/2 ], ) 1
=80 ° aexlel N =

Proof. Let C C A be an internal e-covering net of A such that |C| = Nin(A, ¢, |||, ). For each a € A, let m(a) = ¢
for ¢ € C such that ||a — ch y < €. By linearity of the inner product and Holder’s inequality 3, for any a € A,
o € {£1}" and p,q > 1 such that 1/p+ 1/q = 1, we have

(o,a) = (o,7(a)) + (o,a — 7(a)) (167)
< (o, m(a)) + ol lle —7(a)l, (168)
= (o,m(a)) + N¢ - Nre (169)
= (o,7m(a)) + Ne (170)
Therefore,
= By am
(o,7(a)) + Ne
= UE{IEl}N |:a2A N ] (2
=T ey SR <a’7v(a)>] (173)
et oe{£1}N [iec | 7C>] )
=e+R(C) (175)
og|C
< < + mag o], Y202 (176)
210g(Nin(Aa €, H”p,N))
< e+ max]lall . (177)
2log(N (A, e/2, [l &)
< &+ max]lall, . (178)
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, where we used Ni,(A, ¢, ||||) < N(A,e/2,]-]]) in the last inequality.

D. Rademacher complexity bound: Chaining bound

You can get a tighter generalization bound by using the chaining method instead of the one-step discretization
method.

Theorem 5 (Chaining bound). Let A C RY be a set such that maxgec4 lall, < r. Then, the Rademacher
complexity JR(A) is upper bounded by the covering number of A as

. 1 LNy ,
RA) < _inf { <4s + \/—_ de \/log N(A,é, ||.||p)> } (179)

Proof. For any k € {0,1,2,..., M}, let C;, C RN be an ej-covering net of A w.r.t. [, where e = r/2" and
ICkl = N(A, ex, [|-[|,)- In particular, we can take Co := {0}, because [la — 0||,, < r =: & for all @ € A. For any k and
any a € A, let m;(a) = ¢ such that ¢ € Cy and |la — c||, < &;. Furthermore, we define Ay(a) = my(a) — mx—1(a).
Then, for any a € A, we have

a:a+7r0( 77TM +2Ak *afﬁM +2Ak

Hence,
N(A) = {a, ”q (180)
T ee{x1}N aea N
[ fla—mula),0) (il Avla),0)
- E 181
se{£1}N 223{ N + N (181)
[ <a—7TM(a),0>} - { <Ak<a>,a>}
< E sup ——M | + E sup ———— sup X < Ysup 182
Te{£1}" laca N ,;oe{ﬂ}fv aca N (152)
[ {a—mu(a),0)] | <
- E LRI Y T Rv(A 183
A S BB 159

k

I
-

, where Ay :={ Ag(a) |ac A}
For the first term, we use Holder’s inequality 3 to obtain

(a —mu(a).0) < |a—m(@),lloll, < erNi.

Thus, we have

E sup (@ —mm(a) o) < &M (184)
oe{£1}V [acA N N#

For the second term, we observe that

Akl = [{mk(a) — mh-1(a) - a € Aj
< Hmi(a) :a e A} -[{mr-1(a) : a € A}|
= N(Aex, [-ll,) - N(A g1, [I-],)
< N(A e, [I1l,)?

and for all a € A,

[Ak(a)ll, < lmi(a) — all, + lla = mx—1(a)l], < 3k (185)
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and remember that ||lal|, < [la||, < N(l/zfl/p)||a||p for all 1 <r < p, so we have

[Ak(a)ll, < N@/2=1/p) 3o,

Thus, by Massart’s lemma 23, we have

N/2=1/P) 3¢, /21og |A] 3eg 6ek
R(A) < < 21og |Ck]2 = — .
(Ag) < ~ *N%\/NV g [Ck| NI [I-11,,)
Therefore,
M Mo
Y oR(AN) <D — = log N(As e [I]) (186)
k=1 o N#VN N\/
6 M
= exr/log N(A, ek, |Ill,,) 187
e PIRRY I, (187)
12 &
- mM(ekskﬂwlogzvm,sk,nwp) (188)
12 /
- ae' frog N (A ex I1,) (189)
N \/7; Ek+1 \/
de' ) (190)
Ek+1
12
= de’y/log N (A, &', ||-II,,) (191)
Np\/i EM+1 \/
Finally, we have
1 3
R(A) < em+ — de’y [log N(A, &', ||-||,) (192)
N ( \/7 EM+1 \/ P

For any € € (0,r/2], we can find an integer M such that € < epr41 < 2¢ and thus e); < 4e. Then, we have

R(A) < ;<4 +—/ de’ \/logN (A&, || )) (193)

and the upper bound holds for all € € (0,r/2], we can take the infimum over all € > 0 to obtain the desired
result. O

Remark 13. Since the above inequality holds for any € € (0,7/2], if we take £ = 0, we have R(A) < 27"/N%.

Theorem 6 (Chaining bound). Let A C RY be a set such that maxge 4 lall, y < r. Then, the Rademacher
complexity 9R(A) is upper bounded by the covering number of A as

R(A) < inf {45+¢__ Tds’\/logN(A,s’,HoHp’N)} (194)

€€(0,%

Proof. For any k € {0,1,2,...,M}, let Cx C RY be an gj-covering net of A w.r.t. |- |, s where g = /2"
and [Cx| = N(A, e, [, n)- In particular, we can take Co := {0}, because [la — 0|, y < r =:gg for all a € A.
For any k and any a € A, let my(a) = ¢ such that ¢ € C and [la — ¢, y < ek Furthermore, we define
Ag(a) = mi(a) — mp—1(a). Then, for any a € A, we have

a=a+m(a)—my(a —I—ZAk —a—ﬂM(a)—l—ZAk(a)



Hence,

B <a70>}

AA oe{El}N[igﬂ N
B | fla—mula)o) | (X0 Akla), o)
= peiinyy 223{ N * N

acA N

(a—mu(a),0)] | =
- E RE A Sl R(A
N e e ED B

, where Ay, = {Ag(a) : a € A}.

D S S PP R
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(195)

(196)

(197)

(198)

For the first term, we use Holder’s inequality 3 and the fact: ||a — 7TM(O,)HP Ny<enw = |a-— 7rM(a)Hp < N%&:M

to obtain
1 1
(@~ m(a),0) < lla—m(@)ll,llol, < Nberr - N = Ny

Thus, we have

]E sup —m—m—————
oe{£1}V aeg N o

For the second term, we observe that

Akl = [{mk(a) = mh-1(a) - a € Aj
< Hm(a):a e A} -[{mr-1(a) : @ € A}|
= N(Aex, [, ) - N(Asen—r, [l v)
< N(A e, [l x)?

and for all a € A,
1
1Ak(a)ll, v < lImk(a) —all, y + lla —mea(a)ll, v < 3er < [|Ax(a)]l, <3N7Pey
and remember that [a|, < ||a]l, < N(/271/P)||a|  for all 1 <r < p, so we have
|Ak(a)]l, < NO/271/P) 3N sy = 3V/Ney,

Thus, by Massart’s lemma 23, we have

3V N 2log |A 21 2 log N (A, e, ||
R(Ag) < fsk\]/vmﬁiisk O%\LCMGQ\/ g N( Nk 11, )

Therefore,

M log N(A, e, |-
> m(Ar) < Zng\/Og ( ]Evk [1lp,v)

L
VN &
12
= ﬁ Z(ek - 5k+1)\/logN(A, k> “”P,N)

=2 de’y/log N(A, i, |INl, »)
\/> :1/€k+1 \/ Y

(199)

(200)

(201)

(202)

(203)

(204)
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12 XL e

<= de’\ [log N (A", ||, ) (205)
N; k41 \/ P
12 e

= — [ de\JlogN(Ae, | ]],.) (206)
N EM+1 \/ PN

Finally, we have

12 [F
R(A) <em + Nis /+ de \/10g N(A €, [l x) (207)

For any e € (0,7/2], we can find an integer M such that ¢ < ep;11 < 2¢ and thus ey < 4e. Then, we further
bound R(A) as

12 (%
A< de+ = [ flor N [, ) (208)

and the upper bound holds for all € € (0,r/2], we can take the infimum over all € > 0 to obtain the desired
result. O

Remark 14. Since the above inequality holds for any e € (0,7/2], if we take £ = 0, we have R(A) < 2r.

VIII. Application to QML model

In this section, we derive the upper bound of the generalization error depending on the parameter-initialization
strategy using covering number and Rademacher complexity.

A. Notation

e X.Y: input and output spaces

e Z =X x)Y

o S:={(x1,11), (x2,92),...,(®N,yn)} C Z: : aset of N training samples

e ©:={(01,0s,...,0) | 6; € la;,a; + ¢i], a;,c; € R } CR™: set of parameters of VQML
e &g : p(x) — U(O)p(x)UT(0): parameterized quantum circuit channel

e O: observable

e p(x): quantum input state

o F={ fo:(xiy;)— Tr[O&(p(x;))] | @ € © } C[0,C]%: hypothesis class of VQML

o L(yi, fo(x;)): loss function evaluated on a sample (x;,y;) which is L-Lipschitz continuous in the second
argument.

o Ry(fo) = + Zfil L(yi, fo(x;)): empirical risk of a hypothesis fg € F over the training set S
o R(fo) = E(,y)~pr[L(y, fo(x))]: expected risk of a hypothesis fo € F
o G:={(z,y) = L(y, fo(z)) | fo € F} C [0, LC]?: loss function class

e FoS:={(fo(x1),...,fo(xn)) | fo € F,(zi,y:) €S } C [0,C]": prediction evaluated over the training set
S

e GoS ={ (L(y1, fo(x1)),..., L(yn, fo(xzN))) | fo € F,(xi,y;) €S } C [0, LC]V: loss function evaluated over
the training set S
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Remember that from Lemma 21 and 22 the generalization error for any hypothesis fg € F is bounded by the
Rademacher complexity with probability at least 1 — § as

R(fo) — Rn(fo) < 2R(G  S) + 3LC 21%(2/5) (209)
guwwa3M7§%%@ (210)

We can apply the one step discretization theorem 4 and the chaining bound 6 to bound the Rademacher complexity
R(F oS). Before applying these theorems, we first bound the covering number of F e S by the covering number of

Lemma 25. The covering number of 7 ¢ S can be bounded by the covering number of © as

N(FeS.e |, n) <N(©,e/C,|lll,) (211)

Proof. First, you can derive the following inequality for any 8,0 € ©, using the same argument as in the proof of
Theorem 1:

|fo(xi) — fa(ai)| = | Tr[O&p(p(:))] — Tr[O&G(p(i))]| (212)
= [Tr[O(Ea(p(:i) — E5(p(@:)))] | (213)
< T [0(Eo(p(a oy < (@)))] (214)
=: HO Eo(p(x;)) — ))H (215)
< ||O||Oo||59(p( 1)) ( x;) ||1 -~ Holder’s inequality (216)
<0l €6 — &5l (217)
L n

<C2Y 03 I Rum(Brm) = Rian(Bum) | oo (218)

=1 m=1
< Cllo -0l (219)

(Even if the classical input data and parameters are encoded alternately (data re-uploading), the above inequality
holds.)
From this inequality, we have

|~

N
||f9—f@||,,,N=(§Z|Tr[ose<p<wi>>]—Tr[os@w(w-)) ) << Zcpw 0|> <Clo-0], (220)

i=1

) where fG = (f9($1)7'~-7f9(m]\7)) EFeS.
Thus, from Lemma 13, we have

N(F oS, e, n) <N(©,e/C, |l (221)

Example 4. If © = B;(60y, ), then from Lemma 15, N(O,¢, ||-|;) < (1 +2v/¢)™ < (3v/¢)™, so we have

o) (29 (22

Example 5. If © = { (01,0s,...,0,,) | 6; € [a;,a; + ¢;], a;,c; € R } CR™, then

N(©,e/Ci ) < N(©,e/Cm, -]l (223)

= lj {C?ﬂ (224)
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<II(1+“2%) (lel <o +1) (225)
T
<II(-me) (1<1/9) (226)
B. One step discretization
We can bound Tr[O Eg(p(x;))] as
Tr[O Eo(p(w:))] < Tr|O Ep(p(@:i))| = 0 Ealp(x:i))lly < Ol ll€6(p(xi))ll; = C -1 (227)

, where we used Holder’s inequality 3 in the second inequality and the fact that the diamond norm of a quantum
channel is 1 in the last equality.
So, we have

N 2 N 2
srax N foll, < (ZTr[Oc‘?e(p(mi))]z) < (Z 02> =N:C (228)

and we can apply Theorem 4 to obtain

2logN(F e S,e/2, ||
R(Fe8) < inf €+C\/ call N/ M) U (229)

Using the covering number bound in Eq. 211, we have

2logN (0, 2/2C, ||
R(FeS) < inf {5+C\/ 08V(0,/26 | ”1)} -+ Eq.(211) (230)
e>0 N
2logN (0, £/2, |-
infC’{eJr\/ 08NV(©./2 | ”1)} e Ce (231)
e>0 N

If © = B1(00,7), then from Eq.(222) we have

nras) < fes Ol (292

< C’{;[+ %ngj(vfmo)} (.- choose € = 1/N) (233)

O ={(01,02,...,01) | 0; € lai,a; + ¢i], a;,¢; € R } C R™, then from Eq.(226) we have

QZiTzl log(l + 2Cﬂ)

R(F e 8) < inf C 5+\/
e>0

s (234)
25T og(1 + 2N ;
<c ;+\/ 2iz1 Og(N+ Crmei) (. choose e = 1/N) (235)

In one step discretization, the dependence on the number of data points N is O(y/log N/N). This can be improved

to O(4/1/N) by chaining the covering numbers.
Finally, we get the generalization error bound by substituting the upper bound of Rademacher complexity into
Eq.(210).



When © = B1(0y, ), with probability at least 1 — §,

2mlog(6yNC)

21og(2/9)
N N

R(fe) — Rn(fe) < 2LC {Jif + } +3LC

When © = { (61,02,...,0m) | 0; € [a;,a; + ¢;], a;,¢; € R } C R™, with probability at least 1 — 4,

T
R(fe) — Rn(fo) < 2LC {;f + \/2 2iy log(L + 2N Cme:) } +3LC 21%(2/5)

N

C. Chaining bound

&=

Since fmafx [ foll, v < ( Zz L CP ) = C, from the chaining bound in Theorem 6, we have
c :

C
12 %
R(FeS)< inf 4+—/ de'\ Jlog N(F e S €', |-
eyt {1 5 [ 0oy

By using N(F e S, ¢, |- ||p N) SN(@©,¢/C|-Iy)

Q
. / ..
RFes) < int {45 + T de'\log N(©,'/C, ||.||1)} +Eq.(211)

= inf 45+C—/ de’ \/logN ©,¢, ) el = OF
c€(0,§] /C
C inf <{4de+ 12 /Eds’\/lgN(@ e k) e — Ce
= in — o €0
c€(0,1] VN J: !
If © = B1(00,7), then from Eq.(222) we have

R(FeS)<C 1(nf]{4s+/ de,/mlog 370 }
e€(0,3

IO ={(0,0,...,0m) | 6; €lai,a; +¢], a;,¢c; € R } CR™, then from Eq.(226) we have

R(FeS)<C inf {45+/ dlegH(l—i_CmCz)}
e€(0,3]

By using Eq.(210), we have
When © = B1(0y, ), with probability at least 1 — d,

R(fe) = Rn(fo) < 2LC lnf21{4g+ f/ e’ W}%LC 21og(2/6)

When © = { (01,02,...,0m) | 0; € [a;,a; + ¢, a;,¢; € R } C R™, with probability at least 1 — 4,

c€(0,1]

R(fo)—RN(fg)SQLC inf {45+/ de\llgH<1+Cmc,>} 3L 21%(2/5)

31

(236)

(237)

(238)

(239)

(240)

(241)

(242)

(243)

—~

244)

(245)
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D. Evaluation of the integral

We consider the integral [ v/a —logz dz. Let uw = v/a —logz, then z = e~ and dz = —2ue®"’ du. Then, we
have

/\/a—loga:da:: —2/u26‘17“2 du

Since % (—ue“‘“Q) = —eo" 4 2y2e0
72/u26a*“2 du=ue"" — ¢ [ e du (246)
= uetv — “£ rf(u) + const. (247)

2

:x\/aflogxfe“g erf(v/a — log x) + const. (248)
=zva—logx + e“gerfc(\/a —logx) + const. (erfc(z) =1 — erf(x)) (249)

We define w(e) = 4e + 212 f de’ \/log H Hf,mc") and a := log HiT:l(l +Cme;)T. Convensionally, ¢ is taken

as 0, so we have
=124/ — / de’\/a —loge’ (250)

TI|1

= 121/N[2\/a+10g2+ ge“ erfc(\/a—i—logQ)} (251)
T|1

<124/ — [ a+log2+ ﬁea 6“1°g2] (erfe(x) < e*"’;) (252)
N |2 2
1 « T /T

=6 N glog(l + Cme;) + N log2 + 37 N (253)

Thus, using Eq.(210), we have

T
. 1 T [T [210g(2/9)
— < i . - — — = 7

R(fe) — Rn(fo) < 12LC I ii_l log(1 4+ Cmc;) + N log2 + 6LC/T vt 3LC i (254)

To get a more refined bound, we evaluate the minimum of w(e). The derivative of w(e) is

T
w(e) =4 — \% 1og};[1 (”fmc> (255)
The minimum of w(e) is obtained when w'(g) =0, i.e.,
logfll (H(jmc> = g e e=etIr (< 1/2) (256)
Thus, the minimum of w(e) is
o o N 12 [2 , A 14+ Cmg;
w(e 9T) = 4e®" T + Nod de logil;[1 <€/> (257)
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The integral can be evaluated as

1 T
2 1 i 1
/ o de’y|log I I ( + C’mc > VT / Va—loge’ (a = log I |(1 + Cme;)T) (258)
e?”oT i=1 =1

2

= ﬁ[s'\/alogaur \g?eaerfc(\/alogs’)] N (259)

e 9T

Thus,

[N

21og(2/9)
B (200)

€

R(fe) — Rn(fo) < 2LC{45+ 12\/>[ va—loge' + —e @ erfe( \/a—logs’)]

}+3LC

, where € = min{e“’w,%}.

N = 1000

T/N = 0.001
T/N = 0.01
T/N=0.1
T/N = 0.25
T/N=0.5
T/N=0.75
T/N=1.0

14 W

e —— S —— T A AN N AT T A S/

0.0 0.2 0.4 0.6 0.8 1.0
maxc¢;
i

FIG. 11. Numerical evaluation of inf w(e) for N = 1000, m = 27", T' = 1,10, 100, 250, 500, 750, 1000
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w with maxc¢; = 0.1
1

2.0
1.8
1.6
1.4
1.2
1.0

0.8

200 0

FIG. 12. Numerical evaluation of inf w(e) for N and T with m = 2T, ¢; = 0.1
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